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Abstract— In this paper we propose a Serial Concatenated Trellis
Coded Modulation system using an inner accumulate code and a Gray-
labeled signal constellation. The simple inner code and the Gray label-
ing allow us to extend to higher-order constellations the coding theorems
of [1], [2], stating that when the signal-to-noise ratio (SNR) exceeds a cer-
tain, system-specific threshold, the word error probability goes to zero as
the blocklength goes to infinity. We also evaluate the performance for fi-
nite blocklengths using an improved union bound.

Despite the simple inner code, the simulated performance in AWGN
and Rayleigh fading is equal to the performance of more complex systems
suggested in the literature.

I. I NTRODUCTION

In order to combine the extraordinary performance of turbo
codes [3] with the bandwidth efficiency of Trellis-Coded Mod-
ulation (TCM) [4], several Turbo-TCM schemes have been
proposed. Both Parallel Concatenated TCM (PCTCM) [5], [6]
and Serial Concatenated TCM (SCTCM) [7], [8] have been
shown to achieve good performance. Bit-Interleaved Coded
Modulation (BICM) increases the diversity over fading chan-
nels, with only a modest performance degradation over AWGN
channels [9]. BICM with iterative decoding (BICM-ID) gives
almost the same performance as Turbo-TCM over AWGN
channels, but at a lower complexity [10].

Inspired by the analytical tractability of Repeat-Accumulate
(RA) codes [1] and their generalizations [11], we propose an
SCTCM system consisting of an outer block code and an in-
ner accumulate code, followed by a mapping to a Gray-labeled
constellation. To achieve higher spectral efficiency, we use sin-
gle parity check (SPC) or high-rate convolutional outer codes.

To analyze this system, we consider the distance properties
of the underlying concatenated binary codes and use a mapping
from Hamming distance to squared Euclidean distance (SED).
Assuming Maximum-Likelihood (ML) decoding, we extend
to higher-order constellations the coding theorems of [1], [2],
stating that when the SNR
 exceeds a certain threshold,
�ML,
the word, or bit, error probability goes to zero as the block-
length goes to infinity. We compute numerical values for these
thresholds for BPSK, 8-PSK and 16-QAM constellations for
AWGN and Rayleigh fading channels.

For finite blocklengths, we use properties of the accumu-
late code to derive a new performance bound, which is an im-
provement over the union bound. We compare the simulated
performance of the proposed system to similar systems. Over
AWGN channels we compare to the SCTCM system reported
in [8] and over fading channels to the BICM-ID system of [10].

This work was performed with the support of the Swedish Defence Re-
search Agency (FOI) and the National Science Foundation under Grant NCR-
9612802.

II. SYSTEM DESCRIPTION

A. Encoder

The encoder is shown in Fig. 1. The outer code is a block
code, formed either by terminating a raterc = k=n convo-
lutional code or by concatenating short block codes, such as
rc = (n � 1)=n SPC codes orrc = 1=n repeat codes. The
interleaver is a random or S-random interleaver and acts on all
bits in a block. The size of the interleaver isN and it is as-
sumed thatn dividesN . The inner code is ar � C = 1=1 ac-
cumulate code,G(D) = 1=(1�D). The memoryless mapper
maps anm-tuple of bits to a constellation pointx 2 X , where
X is a Gray-labeled constellation of sizejX j = M = 2

m .
Note thatm is not necessarily equal ton.

Outer Acc.
EncoderEncoder � 	 Mapper

u v(o) v(i1) w x

Fig. 1. The basic encoder uses a single inner accumulate code and no inter-
leaver before the mapper. The generalized system uses multiple accumu-
late codes and non-trivial interleaver	.

The generalization of the encoder to include multiple accu-
mulate codes is straightforward. The dotted section in Fig. 1,
the interleaver and accumulate code, is repeated the desired
number of times. We can also introduce a non-trivial inter-
leaver	 between the last accumulate code and the mapper.
With no accumulate codes, but a non-trivial interleaver before
the mapper, we get the BICM system of [9] as a special case.

B. Decoder

The decoder, shown in Fig. 2, consists of a bit metric calcu-
lator, soft-input soft-output (SISO) module(s) matched to the
inner code(s) and an SISO module matched to the outer code,
separated by appropriate interleavers and deinterleavers. The
final, binary decision is given by a slicer.

SISO I1 SISO O
Metric
Comp.
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Fig. 2. The basic decoder has two SISO modules and does not feed back any
a priori information to the metric computation. The general decoder can
include more SISO modules and may feed back a priori information.
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The output of the metric computation is the extrinsic prob-
ability that thei-th bit of them-tuplew has the valueb, given
all available information except the information about thei-th
bit itself. If the interleaver	 is non-trivial, we can assume that
the bits that make up the symbolx are independent. Then the
extrinsic probability is

P [wi
= b;O] /

X
x2X i

b

P [rjx]

mY
j=1
j 6=i

P [wj
= `j(x); I ] (1)

whereX i
b =

�
x 2 Xj`i(x) = b

	
is the set of points in the

constellationX such that thei-th bit, i = 1; : : : ;m, in the
binary label of the pointx has the valueb 2 f0; 1g. Log-
likelihood ratios (LLR) are formed,L[w;O] = log(P [w =

b;O])� log(P [w = �b;O]), and fed to the innermost SISO.

III. C HANNEL PARAMETERS

In this section we derive channel parametersz for higher-
order constellations over AWGN and Rayleigh fading chan-
nels. In Section V we use the channel parameterz instead of
the SNR
 in the coding theorems.

A. Gaussian Channels

For the binary-input AWGN channel, the Bhattacharayya
bound gives the channel parameterz asz = e�rcEb=N0 , where
rc is the code rate andEb=N0 is the bit SNR.

For higher-order, Gray-labeled constellations, letd2h denote
the minimum SED between symbols whose labels differ inh

positions. From the Law of Cosines it follows that for PSK and
QAM constellations

d2h � h � d21 = h � d2min: (2)

By first lower bounding the probability of correct decision,Pc,
and then applying (2), we get the probability ofh bit errors,
PEh as

PEh 6 e�
d2
h

8�2 6 e�
h�d2

min

8�2 =

�
e�

d2
min

8�2

�h
: (3)

Sinced2min depends onEb=N0, the code raterc, and the num-
ber of bits per symbolm, we get

z = e
�
rcmEb
4N0

d2
min (4)

for any 2-dimensional Gray-labeled constellation.

B. Rayleigh Fading Channels

For an independently fading Rayleigh channel, consider two
codewords differing inh positions and let� denote the index
set for the differing positions. Then the channel parameter for
BPSK, conditioned on the fading power, is

zh� =
Y
i2�

e��ircEb=N0 = e�
P

i2� �ircEb=N0 (5)

where�i is the fading power for thei-th differing bit. By inte-
grating over the fading power density, we get the unconditional
channel parameter as

z =
1

1 + rcEb=N0

: (6)

For higher-order constellations we get a similar expression.
Sincem bits are transmitted per channel symbol, the diversity
orderL may be lower than for BPSK. We bound the diversity
order, normalized with respect toh, as1=m 6 L 6 1, and get

z =

2
4 1

1 +
rcmd2

min

4
Eb
N0

3
5
L

: (7)

Assuming that the performance is determined by codewords of
low weighth, we setL = 1.

IV. CODE WEIGHT ENUMERATORS

For serial concatenation of two codes through a uniform
interleaver, the Input Output Weight Enumerator (IOWE) is
given by

A
(c)
w;h =

noX
ho=0

A
(o)
w;ho

A
(i)
ho;h�

no
ho

� (8)

whereA(o)
w;ho

andA(i)
ho;h

are the IOWE coefficients for the outer
and inner codes. The overall codeword length isN , andn
is the length of the “constituent” codewords when the code is
made up of shorter block codes, andw andh are the input and
output weights, respectively. Note that to compute the WE for
a concatenated code, it suffices to know the WE of the outer
code.

A. Repeat Codes

For a rate-1=n repeat code, the IOWE is given by [1]

Aw;h =

(�
N=n
w

�
h = nw

0 otherwise.
(9)

B. Parity Check Codes

For a raterc = (n � 1)=n SPC code, we upper bound the
WE as

Ah 6

�
bn=2c �N=n

h=2

��
n

bn=2c

�h=2
: (10)

The second factor in (10) can be approximated by
�
n
Æn

�
, where

Æ , h=N . Therc = 1=2 andrc = 2=3 SPC codes are special
cases in that we have exact expressions for the WEs.

C. Accumulate Codes

The IOWE for an accumulate code is given by [1]

Aw;h =

�
n� h

bw
2
c

��
h� 1

dw
2
e � 1

�
: (11)
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V. CODING THEOREMS

In this section we extend the coding theorems of [1], [2] to
higher-order, Gray-labeled constellations. The theorems state
that when the SNR
 exceeds a threshold
�ML, the word error
probability,PW , goes to zero as the blocklengthN goes to
infinity. Equivalently, when the channel parameterz is less
than the corresponding thresholdz�, PW ! 0 asN !1. For
Parity-Accumulate (PA) codes, the bit error probability,Pb !

0 asN !1.
The idea is to express the union bound onPW in the form

PW 6
X
h>0

eh(F (�)+lnz) (12)

whereF (�) depends on the outer and inner codes. Then, if
ln z < �F (�), PW ! 0 asN !1.

The inequalityd2h � h � d21 = h � d2min holds for any constel-
lation, as long as Gray labeling is possible. Thus, the following
theorems hold for higher-dimensional constellations.

A. Repeat-Accumulate codes

For an outer repeat code of raterc 6 1=3, and an inner ac-
cumulate code, there exists az� such that forz < z�, PW ! 0

asN !1.
This follows from a straightforward application of the tech-
nique in [1], combined with the channel parameters in (4), (6)
and (7). TheEb=N0-thresholds
�ML above whichPW ! 0 as
N !1 are given in Table I.

TABLE I

Eb=N0 -THRESHOLDS INdB FORPW FOR RA CODES.

AWGN Fading
rate BPSK 8-PSK 16-QAM BPSK 8-PSK 16-QAM
1/3 2.20 5.77 6.18 3.46 7.03 7.44
1/4 1.93 5.50 5.91 2.80 6.37 6.78

The thresholds for arc = 1=3, RA code with 8-PSK modu-
lation over AWGN and Rayleigh fading channels are compared
to simulations in Fig. 3. The thresholds are loose, since the
threshold is based on the union bound, and the derivation of
the channel parameter uses a loose bound (2).

B. Parity-Accumulate codes

For an outer SPC code, and a single inner accumulate code,
there exists az� such that forz < z�, Pb ! 0 asN !1.

For the outer SPC code, the minimum Hamming distance
is 2, andPW does not go to zero asN goes to infinity [12].
However, by expressingPb as

Pb 6
NX
h=1

rNX
w=1

w

rN
Aw;hz

h 6
NX
h=1

2hX
ho=0

ho

rN

A
(o)
ho
A
(i)
ho;h�

N
ho

� zh

(13)
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Fig. 3. Comparison of thresholds to simulations results for outerr = 1=3
repeat code with 8-PSK modulation.N = 49152.

we can show thatPb ! 0 asN !1.

The numerical values for theEb=N0-thresholds are large. If,
instead of using upper bounds, we approximate the WE in (10)
and the IOWE in (11), we get smaller, approximate values. In
Table II we report upper bounds and approximations for the
thresholds of different rate PA codes for AWGN and Rayleigh
fading channels.

TABLE II

Eb=N0 -THRESHOLDS INdB FORPb FOR PA CODES, AWGN AND FADING

CHANNELS.

BPSK 8-PSK 16-QAM
Rate u.b. appr. u.b. appr. u.b. appr.

AWGN
1/2 17.72 7.78 18.28 9.59 18.69 10.00
2/3 19.48 8.04 20.04 11.35 20.45 11.76
3/4 21.98 9.03 28.56 15.06 28.97 15.47
8/9 36.29 16.10 42.87 17.85 43.28 18.25

Fading
1/2 9.82 13.39 13.79
2/3 19.05 22.62 23.03
3/4 47.15 50.72 51.13
8/9 103.78 107.36 107.76

However, simulations show that the thresholds are quite
loose. In Fig. 4 we compare the approximate thresholds for
a rc = 2=3, PA code with 8-PSK modulation to simulation
results.

C. Parity-Accumulate-Accumulate codes

For an outer parity check code, and two (or more) inner
accumulate codes, there exists az� such that forz < z�,
PW ! 0 asN !1.

For an outer SPC code followed by two accumulate codes,
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Fig. 4. Comparison of thresholds and simulations for ther = 2=3 parity
check code and 8-PSK modulation over AWGN and Rayleigh channels.

the word error probability is given by

PW 6
NX
h=1

NX
h1=0

NX
h2=0

A
(o)
h2

A
(i1)

h2;h1�
N
h2

� A
(i2)

h1;h�
N
h1

� ; (14)

which can be shown to go to zero as the blocklength grows
to infinity. The thresholds derived from these bounds are so
loose, however, that they are only interesting in the context of
existence proofs.

VI. FINITE BLOCKLENGTH ANALYSIS

In this section we derive a performance bound for finite
blocklengths that improves on the union bound. The new
bound is based on the simple relationship between inputs and
outputs of the accumulate code, which can be used to tighten
the relationship between Hamming distance and SED, as com-
pared to (4).

The SED for a codeword of Hamming weighth is h � d2min
only if the codeword containsh runs of ones. If a codeword
consists oft runs of 1’s andh > t, then at least one run must
be longer than one 1 and the SED may be larger. To count the
number of runs, we augment the IOWE for the serial concate-
nation in (8) with a “run counter” denotedT ,

A(c)(W;H; T ) =
X
w;h

NX
ho

A
(o)

w;ho
A
(i)

ho;h�
N
ho

� WwHhT d
ho
2
e: (15)

All runs must have at least one 1, so the remainingh� t 1’s are
distributed among thet runs. A combinatorial argument gives
the probability of a run of lengthj; 1 6 j 6 h� t+ 1, as

P (jjh; t) =

�
h�1�j
t�2

�
�
h�1
t�1

� : (16)

It remains to determine the SED for a run of lengthj. In
Table III we list possible patterns and their SED for runs of
lengthj = 1; : : : ; 5 for a Gray-labeled 8-PSK constellation.

TABLE III

PATTERNS AND DISTANCES FOR RUNS OF LENGTH1 THROUGH 5 FOR AN

8-PSK GRAY-LABELED CONSTELLATION.

j Patterns SED Min. SED dH � d2
min

1 001 0.5858
010 3.4141 0.5858 0.5858
100 0.5858

2 001,100 1.1716
011 4 1.1716 1.1716
110 2

3 001,110 2.5858
011,100 4.5858 2.5858 1.7574
111 3.4142

4 001,111 4
011,110 6 4.000 2.3431
111,100 4

5 001,111,100 4.5858
011,111 7.4142 4.5858 2.9289
111,110 5.4142

Note that for runs of length 5, the patterns repeat the patterns
of length 2, with the addition of a symbol ‘111’. For a constel-
lation of sizejX j = M = 2m, patterns of weight2m � 1 or
greater are repetitions of patterns of lower weight, with addi-
tion of a number of symbols ofm 1’s.

The SED is now a function of the constellationX and its
labeling, the codeword weighth, and the number of runst in
the codeword. We denote this distance functionf(X ; h; t) and
get the improved bound as

Pb 6
nX

h=1

kX
w=1

d h
2
eX

t=1

w

k
A
(c)
w;h;tf(X ; h; t) (17)

whereA(c)
w;h;t is the coefficient of the augmented IOWE.

The use of a uniform interleaver gives non-integer weights
in the IOWE, since this is the average IOWE over the ensem-
ble of interleavers. We can expurgate codewords whose aver-
age multiplicity is less than 1, since there exist codes without
codewords of those weights.

VII. SIMULATION RESULTS

A system with an outer memory-2 convolutional code and
an interleaver sizeN = 1536 was simulated to evaluate the
improved bound. In Fig. 5 we compare the simulation results
to the union bound and the improved bound and we see that
for moderateEb=N0, the simulation results and the improved
bound coincide.

In Fig. 6 we show the performance in AWGN and compare
to the SCTCM scheme reported in [8]. Both systems use an
outerrc = 3=4, memory-2 convolutional code with 16-QAM
modulation for a spectral efficiency of 3 bits/s/Hz, andN =

16384. Our system uses a simpler inner code, but still achieves
the same performance.

As BICM was initially proposed for a fading channel, we
compare the performance of the proposed SCTCM system to
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Fig. 5. Bounds for a memory-2 convolutional code and interleaver size
N = 1536. “Full” refers to the complete IOWE, and “exp” refers to
an IOWE where codewords of average weight less than 1 have been expur-
gated. “Min. error” is the minimum non-zeroPb seen between iterations
10 and 50.
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Fig. 6. Performance comparison in AWGN. 16-QAM constellation and block-
length 4096 channel symbols. After 20 iterations we have not seen errors
for Eb=N0 > 5:4 dB.

BICM-ID [10] over a flat Rayleigh fading channel, shown in
Fig. 7. Simulation results are shown for an outerrc = 2=3

convolutional code with free distance 4, andN = 49152. At
high bit error rates (BER), BICM-ID performs slightly better,
but at low BER the proposed SCTCM system is advantageous.
Also, BICM-ID exhibits an error floor, in fading as well as in
AWGN [10].

VIII. C ONCLUSIONS

An SCTCM system with an outer block code, inner accumu-
late code(s) and a higher-order Gray-labeled constellation has
been introduced. We have derived coding theorems yielding
SNR-thresholds for reliable performance as the blocklength
goes to infinity. For finite blocklengths we have derived a new
bound, which is an improvement of approximately 1 dB over
the union bound.
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Fig. 7. Performance comparison in fading. Performance after 1, 5 and 16
iterations shown.

Though the proposed system uses a simple inner accumulate
code, in AWGN it performs comparably to serial concatena-
tion schemes reported in the literature [8] that use more com-
plex rate-1 inner codes. Over a fading channel, the proposed
SCTCM system performs better than BICM-ID at low bit error
rates, since the proposed system does not exhibit an error floor.
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